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ABSTRACT

In this paper, we introduced the definition of the perfect folding of surfaces, also we
developed the theory of cellular and perfect foldings of a compact surface onto
polygons. Our main interest is to know whether and how many cellular and perfect
foldings of a given surface onto a given polygon do exist.
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1. INTRODUCTION

Throughout this paper, we use the term surface to mean a compact connected topological 2-
manifold without boundary. A cell decomposition C of a surface M is a partition of M into
disjoint open cells such that for each cell o of C, its closure & is a closed cell, that is if ¢ isan
n-cell, n=1,2, then & is homeomorphic to the unit closed sphere D™. A closed 2-cell is called a
face of C, a closed 1-cell is an edge and a O-cell a vertex. Let M be a surface, a continuous
map f:M — B, of M onto an n-gon B, is called a cellular folding if there is a finite cell
decomposition Cr of M such that

(1) f is a cellular map of Cr onto C(B,) .

(2) For each closed cell &, the restriction map f | & is a homeomorphism of & onto a closed
celltof C(BR), [1].

To avoid trivial cases, we require that each 0-cell is an end-point of more than two 1- cells.
Thus for a cellular folding f: M — P, the edges and vertices of Cr form a finite graph I;
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embedded in M without loops (but possibly with multiple edges) and f "folds" M along the
edges of Iy . For each vertex v of I’r the number of 1-cells of T’ having v as an end point is
called the valency of v. It should be noted that for any cellular folding f', every vertex of I has
even valency,[2]. The cellular folding (or I) is said to be regular if all the vertices have the
same valency. A regular folding onto P, with valency k is called a regular folding of type
(k,n).

We denote by M, and N,, an orientable surface of genus g and a non-orientable surface of

genus p respectively. The start point of the study of regular foldings of a surface onto polygons
was given by the paper of H. R. Farran, E. EL-Ekholy and S. A. Robertson, [ 2].

Proposition (1-1), [2]
For each cellular folding f: M — B, with a vertices, 8 edges and y faces we have
Q) ny =28.
RQa—-p+y=eM).
(3) ny = 4a (each vertex has valency > 4).
(4) The Euler characterisitice(M) < a((4 +n) — 1) .
If f isa regular folding of type (k,n) , we have in addition
(5) ka =ny =20
(6) If M = M, is an orientable surface with genus g , then
(k-2)(n—-2)-4 a

g=1+ ™

(7) If M = N,, is a non-orientable surface with genus p , then
_ (k—=2)(n—2)—4

p=2+ —

From these relations, they obtained some pairs of surfaces and polygons between which
there are no regular foldings. They also classified all the possible quintuplets (k,n, «, 5, y) of
the above five numbers associated to regular foldings of a double torus onto polygons. In this
paper, we discover a new additional relation that must be satisfied by the quintuplet
(k,n,a, B,y). Using this we obtain non existence theorems for regular and perfect foldings
between a wide range of pairs of surfaces and polygons.

2. ADDITIONAL CONDITIONS FOR REGULAR FOLDING

One might expect that for every quintuplet (k,n,a, 8,y) which satisfies the conditions in
Proposition (1-1) there exist a regular folding with the quintuplet (k,n, «, 8, y). However this
is not the case in general.

Example(2-1)

The quintuplet (k,n, a, 8,v)=(8,4,10,40,20) satisfies all the conditions in Proposition (1.1).
However there is no regular folding f: Mg — P, with (k,n, a, 8,v)= (8,4,10,40,20), [ 4 ]. Our
first result is the discovery of an additional relation between elements of the quintuplet to have
a regular folding which states that n divideds « .

Theorem(2-2)

Let f: M — B, be a regular folding with quintuplet (k,n, a, 8, y) then the following properties
hold.
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(i)Let A, ,A,, ..., A, be the vertices of P, . For any two distinct vertices v,w e f~1(4;) ,
there exist two distinct open 2-cells o and T suchthatveao ,weT.

(i) Foralli=1,...,n , #1(A) =v/k.
(iii) 'k divides y .
(iv)' n divides a .

Proof :

(i)Let A; be any vertex of P, and let v,w € f~1( A4; ) with v # w . Then there exist two 2-cells
o and T such that v € &, w € T. Now suppose ¢ = t, then ¢ has v and w as vertices at the same

time. However f | g :d — B, must be a homeomorphism and hence f(v) # f(w), which
contradicts the assumption that f(v) = f(w) = A4;.Soog #tando Nt =0.

(ii) Let gy, i=1,2,..., y be the 2-cells of f, so each &; is homeomorphic to B,. We cut M into
01, 03,..., 0, . If we count vertices independently, then we have y vertices which go to 4;, one
on each 2-cell. However each vertex has valency k , so each vertex is counted k times.
Therefore the number of vertices in f~1(4; ) isy/k .

(iif) From (ii) , y/k is an integer. Therefore k divideds y .

(iv)From (iii) y/k = [, for some integer L. On the other hand, from Proposition (1.1), we
have ka = ny which implies that « = n(y/k) , which implies that n divideds « because y/k

IS an integer. L]

Now the quintuplet (k,n,a,,y) in Example (2-1) does not satisfy condition (iv) in
Theorem (2-2). Hence there is no regular folding f:Mg — P, with (k,n,a,B,y)=
(8,4,10,40,20).

The next result follows directly from Theorem (2-2).

Corollary (2-3)
For each regular n-folding f: M — B, of type ( k,n) withn > 3, we have:
If M is an orientable surface of genus g , then

. . Sl a__ 4g-1)
(i)The number a/n is a positive integer, — = c—2)(n—2)—3
(i4g-1D=k-2)(n—-2)—-4

49

(i) k < —t2

If Mis a non-orientable surface with genus p , then

. . s a_  2(0p-2)

(iv) The number a/n is a positive integer, — = k—2)(n—2)—3
M2p-2)=k-2)(n—-2)—4
(vi)) k < -2 +2

3. PERFECT FOLDINGS OF A SURFACE TO A POLYGON
Let f: M — B, be aregular folding and and Cr be the cell decomposition of M. Let H(f") be the
set of homeomorphisms h: M — M which are also cellular maps of C; at the same time. H(f)

becomes a group with respect to the composition of homeomorphisms. An isometry of M is
called an isometry of f, or an automorphism of f if it preserves the cellular decomposition of
f. Then the automorphisms of f form a group with respect to the composition of isometries,
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which we call the group of automorphisms of f or the group of symmetries of f and we denote
ithy G(f) .

In order to investigate the action on C of the group of homeomorphismH (f), it is enough
to investigate the action of the group of isometries G (f) on Cr , [4]. Since the surface M under
consideration is compact, the number of cells of C; is finite. If the action of two isometries h,
and h, on Cr are the same, then h;= h, . Thus the number of isometries which preserve Cy is
less than or equal to the number of bijections of Cr which is (a! B! y!), where a, 8 and y are
the number of vertices, the edges and the 2-cells of C; respectively. Thus the group of isometries
of M preserving Cr is a finite group. On the other hand the order of the group of
homeomorphisms which preserve Cr is unnecessarily huge, actually it has the same number as
the set of real numbers which we do not think simple and beautiful.

Definition (3-1)

A regular folding f: M — B, is called perfect if the automorphism group G (f) acts transitively
on the 2- cells of the cell decomposition.

Example (3-2)

Consider M = S2 with a cellular subdivision consisting of six 0-cells, twelve 1-cells and four
2-cells. Let f:S? — P; be a cellular folding defined by f {vi,...,ve} = {V1,v2,V3,v2,v3,v1},
fley,...,e12} = {es,ese1, ey eses, esesegeineinern) In this case the graph Iy is a regular graph
isomorphic to the edge graph of the octahedron, and we call f the octahedra folding "w " of
S2. The octahedron is one of the five platonic regular polyhedra. The group G(w) of the
octahedral regular folding is isomorphic to Z, x G, , where G, is the group of permutations of
four letters, [ 3]. This group acts transitively on the set of 2-cells. Thus f is a perfect folding,
see Fig.(1).

Figure 1

We now give an example of a regular folding whose group of automorphisms does not acts
transitively on the 2-cells of the associated cell decomposition. First we define the sense in
which two cellular foldings are to be regarded as equivalent to on another.

Definition (3-3)
Let f:M —» B. and g:M — P, be cellular foldings. Then we say that f is topologically
equivalent to g and we write f = g iff there are homeomorphisms h;: M — N and h,: P, = P;
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such that g o hy = h, o f. It follows at once that f =~ g iff there is a homeomorphism h;: M —
N such that hl( Ff) = I}, , where Iy and T} are the graphs associated to regular foldings f and
g respectively. Hence h1| Ir is agraph isomorphism onto I, . Also f ~ g impliesr = s .

Example (3-4)
There are two topological types of regular foldings of N; to P; with (k,n,a,B,y) =
(8,3,3,12,8).

First, we explain our method to construct regular foldings. Suppose that we have a regular
folding f: N3 — P; with (k,n,a, B,v) = (8,3,3,12,8). Let C denote the cell decomposition of
N5 associated to f. Let u, v and w be the vertices of P; and let u', v', w' be the corresponding
vertices of Cr Jie., f(u') =u, f(v') =v, f(w') =w.Since (k,n,a,B,y) =(8,3,3,12,8), all
the eight 2-cells, o; , i=1,..., 8 of Cr has u'as a vertex. Let a; be the edge in o; facing to the
vertex u'. Cutting the surface N along the edges a, , a, , ..., ag , we obtain an extension figure
round the vertex u’ such as Fig.(2).

& Y a
W Og | O, w

a
2/ Oy 4 o, . f

Figure 2 Extension of f: N; — P; round vertex u’

Conversely, the identification of edges of the extension figure round u'in Fig(2) gives a
construction of the surface N5 and a regular folding which sends u’ to u, v’ to v, w' tow, a; to
a, b; to b and ¢; to c.

Note that from Fig.(2), we can construct also the extensions figures round vertex v’ and
vertex w' as in Fig.(3) and Fig.(4) without any contradictions.

Figure 3 Extension of f: N; — P; round vertex v’
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Figure 4 Extension of f: N; — P; round vertex w'

One of the two types is the regular folding of f: N; = P; shown in Fig.(2), which sends
vertices, edges and 2-cells(triangles) of the cell decomposition of Nsas follows: f(u') =u

fla)=a,

f@y=v , fb)=b, flo)=0, i=1,...,8

fwH)=w , f(Cl') =c , i=1,..4

The second one is the regular folding g: N; = P; shown in Fig.(5) which sends vertices,
edges and 2-cells(triangles) of the decomposition of N5 as follows:

guy=u , ga)=a,

gwy=v , gb)=b, g(o) =0, i=1,...,8

gwh=w , g(h=c , i=l..4

Figure 5 Extension of g: N; — P round vertex u'’

Figures 6 and 7 are extensions figures of g round vertex v'' and w"’ respectively.
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Figure 7 Extension of g: N; — P5 round vertex w'’

These two regular foldings f and g are not topologically equivalent as we see as follows.
Suppose f and g are topologically equivalent, then there is a homeomor- phism h: N; — N,
such that h( Iy) = T,. So the vertex u’ must be send by h to one of the vertices u” and v"or

n

w.

If h(u") = u", then the identification of edges in Fig.(2) and Fig.(6) must be the same, but
which is not the case. The other two cases where h(u') = v"' or h(u") = w", also cannot
happen with the same reason. This prove that there is no such homeomorphism and therefore f
and g are not topologically equivalent.

Now, consider the regular folding g: N; — P;. We see from the extension figures (5), (6)
and (7) that there is no isometric homeomorphism h € G (g) which sends o;to a,. This fact can
be seen as follows. Let h € G(g), then h must leave vertex u" fixed. For if h carries vertex u''to
vertex v'’, then the identification of edges of the extension figure round u'’, must be the same
as that of the figure round vertex v'* , which is not the case. With the same reason, h does not
carries vertex u'’ to vertex w'’ .

So if there is an isometry h € G(g) such that h(a;) = o,, then h must be either the rotation
round vertex u" which sends o;to o, or the reflection in the line containing the common edge
of o;and o5, both of them damage the identification of boundary edges of the extension figure
round vertex u'’.Hence there is no such element of G(g) that carries o;t0 g,. Thus G(g)does
not acts transitively on the set of the 2-cells of Cj,.

It follows from this example that every perfect folding is regular and the converse is not
true.
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4. NON EXISTENCE THEOREMS FOR PERFECT FOLDING

Using the properties of Theorem (2-2) and Corollary(2-3) , we obtain many non existence
theorems for perfect foldings.

Theorem(4-1)
There is no perfect folding f: M; — P, , if n and g satisfy one of the following properties:
hn>2g9g+2,g=>1
(i)n=2g-m,g=>2m+4,m=-1
(iiln=g—-—m,g=23m+11,m=> -1
iVvin=g+m,g=>2m—-1,m=>4

Proof:

(i) To prove (i) , and since each perfect folding is a regular folding, see Theorem (1.6) in [ 2 ].
(i) Thecasen=2g—-m,g=2m+4,m= -1

@ If m=-1,then n=2g+1, g= 3, then from (i) in Corollary(2-3), we have %z

4(g-1)
(k-=2)(n-2)-4 "

_ a __ 4@-1) _ 29-2 _ q_ _ _
If k=4, then n T e D3 2973 71" whereq=2g—-2,g = 3.

So% is not an integer for all ¢ > 4 (g = 3), which contradicts (iv) in Theorem(2-2). For all
k>6wehave (k—2)(n—2)—4=(k—-2)(29—-1)—4>4(2g—-1)—4=8(g—1) >
4g-1,

which contradicts (ii) in Corollary(2-3). So there is no perfect folding f: M, — P, if n =
29+1,9=3.

B _ a_ 2(g-1)
O)if m=0,then n=2g,g>4. Now — = —2)g-D2"

- a_ _4@-1H _g-1_ a _
If k=4, then T g Dd g2 a1’ whereqg=g—-1,g = 4.

So % is not an integer for all ¢ = 3 (g = 4) , which contradicts (iv) in Theorem(2-2). For
all k=6, we have (k—2)(n—2)—4=(k—2)29g—-2)—4=>24Q2g—-2)—4=4(g —
D+2(g—2)+29=>24(g—-1)+2(g—2)+8>4(g—-1)+2(g—2)=4(g—1) +
4>4(g—-1),

which contradicts (ii) in Corollary(2-3). This proves that there is no perfect folding f: M, -
P,ifn=2g,9>4.

— — 2 — o= a__ 4g-yH 4@y
c)lifm=1,then n=2g—-1,g=5.Now, if k=4, then = D24 2zg—hd

2972 _ 4 =2g—
2g_s_q_g,whereq_Zg 2,9=5.

So % is not an integer for all ¢ = 8 (g = 5) , which contradicts (iv) in Theorem(2-2).

For all k > 6, we have(k —2)(n—2)—4=(k—2)29g—-3)—4=>4(29g—-3)—4=
4(g—1)+4(g—-3)=4(g—-1)+8>4(g—1),

which contradicts (ii) in Corollary(2-3). This proves that there is no perfect folding f: M, -
P,ifn=2g—-1,g=>5.
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The same argument can be used to prove that there is no perfect folding f: M, — B, if n =
2g—2,g=60orn=2g—-3,g=70rn=2g—4,g =8 .Ingeneral there is no perfect
folding f:M; - B if n=2g—-m g=m+4,m=-1.

(i) Thecase n=g—-—m,g=3m+11, m=> -1

@Ifm=-1,then n=g+1, g=8, then from (i) in Corollary (2-3), we have %z
4(g-1)

(k-2)(n-2)-4"

- *_ 49" _ 5971 _ 2q4 - g—
If k=4, then ;—m—zg_3—q_2,whereq—g 1,g2880

%is not an integer for all ¢ = 7(g = 8), which contradicts(iv) in Theorem(2-2).

a

Also, if k=6, then —= i—:; , Which is not an integer for all g > 8, and hence contradicts (iv)
in Theorem(2-2).

For all k=8 , we have (k—2)(n—2)—4=(k—-2)(g—1)—4=>6(g—1)—4=
4g—1)+(R2g—-6)=24(g—1)+10>4(g—-1),

which contradicts (ii) in Corollary(2-3). So % is not an integer and hence there is no perfect
folding f:M; > B, if n=g+1,9g=8.

_ _ a___ 4eth)
(b)Ifm=0,then n=g,g =11 .Now, n T =2)(g-2)-2"
If k=4, then %: 2?’;{;}4 = Zg‘]g__f , which is not an integer for all g > 11 , which

contradicts(iv) in Theorem(2-2).

If k=6, then %: 5—:; , which is not an integer for all g > 11 .

For all k>8 we have (k—2)(n—-2)—-4=(k—-2)(g—2)—4=>6(g—2)—4=
4(g—1)+2(g—6)=4(g—1)+10>4(g—1),

which contradicts (ii) in Corollary(2-3). This proves that there is no perfect folding f: M, -
Pifn=g, g=>11.

_ _ _ a_ 4(g-1) _ 2g-2
(©Ifm=1,then n=g-1,g =14 .1fk=4, we have — 2(9-3)4 = 2975

integer for all g > 14 , which contradicts (iv) in Theorem(2-2).

which is not an

a

If k=6, then —= z—:i , which is not an integer for all g > 14 and hence contradicts (iv) in
Theorem(2-2).

For all k>8 , we have (k—2)(n—2)—4=(k—2)(g—3)—4=>6(g—3)—4=
4g—1)+2(g—9)=24(g—-1)+10>4(g—-1),

which contradicts (ii) in Corollary(2-3). Hence there is no perfect folding f: M, — P, if
n=g-—1, g=14.

By using the same argument we can prove that there is no perfect folding f: M, — B, if
n=g—-2,g=2170orn=g—-3,g=200orn=g—4 , g =23 .In general there is no
perfect folding f:M; -» P, if n=g—-m g=3m+11,m=-1.

(iv) Thecase n=g+m,g=>m—-1, m=>4

i B @ _ e
@If m=4,then n=g+4, gz3.Now, o=

If k=4, then % =2 97_1 , Which is not an integer for all g > 3, which contradicts(iv) in
Theorem(2-2).
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For all k=6 , we have (k—2)(n—2)—4=(k—2)(g+2)—4>4(g+2)—4=
4g-1)+8>4(g-1),

which contradicts (ii) in Corollary(2-3). Hence there is no perfect folding f: M, - B, if
n=g+4,g=3.
(O)Ifm=5,then n=g+5,g=>4.

If k = 4, then £ = W=D __20-D "\hich js not an integer for all g >4 , which
n 2(g+3)-4 g+1

contradicts (iv) in Theorem(2-2).

For all k=6 , we have (k—2)(n—2)—4=(k—2)(g+3)—4=>4(g+3)—4=
4(g-1)+12>4(g—-1),

which contradicts (ii) in Corollary(2-3). Hence there is no perfect folding f: M, — B, if
n=g+5,g=4%.

In this way we can prove that there is no perfect folding f:M; - B, if n=g+mg =

m—l,mZéL.D

Theorem(4-2)

There is no perfect folding f: N, — B, if n and p satisfy one of the following properties:
)n>p+2,p=22
(i)n=p—-m,p=22m+7,m=>-1

Proof:

(i) To prove (i), and since each perfect folding is a regular folding, see Theorem (1.6) in [ 2].

(i) Thecase n=p—m,p=>2m+7, m=> -1

@If m=—1,then n=p+1, p=>5. Now from (iv) in Corollary(2-3), we have %z
2(p-2)

(k-2)(n-2)-4"

- a_ 2(-2) _p=2_ 4 =1 —
If k=4, then n = 2Dt~ p3 a1 Whereq=p—-2,p =5,

which is not an integer for all g > 3 (p = 5) , which contradicts (iv) in Theorem(2-2).

For all k>6, we have (k—2)(n—2)—-4=(k-2)(p—-1)—-4=24(p—-1)—-4=
4p-2)>2(p-2),

which contradicts (v) in Corollary (2-3), and hence there is no perfect folding f: N, - P, if
n=p+1,p=5.

B ~ a__ 2(p-2)
(b) If m=0,then n=p,p=7,andwehave — = TS
@ _p2

If k=4, then N pas quZ ,Whereq = p — 2, p = 7, which is not an integer forall g = 5
(p = 7) , which contradicts (iv) in Theorem(2-2).

For all k>6, we have (k—2)(n—2)—4=(k—-2)(p—-2)—4=24(p—-2)—4=
20-2)+2(p—-4) =22(p—-2)+6>2(p - 2),

which contradicts (v) in Corollary(2-3), and hence there is no perfect folding f: N,, - P, if
n=p,p=7.

_ _ a_ 2(p-2)
cf m=1,then n=p—1,p =9, and we have = D51
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Ifk=4,then £=2P=2 P2 _ 4 \whereqg=p—2,p > 9,502 is not an integer for
n 2(p-3)-4 p—>5 q-3 n

allqg =7 (p = 9), which contradicts (iv) in Theorem(2-2).

For all k>6, we have (k—2)(n—2)—4=(k—-2)(p—3)—4=24(p—3)—4=
2p—2)+2(p—6)=2(p—2)+6>2(p—2),

which contradicts (v) in Corollary(2-3). Hence there is no perfect folding f: N, —» P, if n =
pr—1,p=9.

The same argument can be used to prove that there is no perfect folding f: N, — B, if n =
p—2,p=11lorn=p—3,p =13 .Ingeneral there is no perfect folding f: N, - B, if n =

p—m,pZZm+7,m2—1.D

Theorem (4-3)
There is no perfect folding f: N, — B, if n is even and p is an odd number

Proof:

From Proposition (1-1) and Theorem (2-2), we have

p=2 +%a =2 +§[(k—2)(n—2) -4l , 1 =% . Since [ is a positive
integer and n is even, the right hand side of the equality must be even, which contradicts the
assumption that p is an odd number. L]

Theorem (4-4)
There is no perfect folding f: M; — P, if nis even and g is even number

Proof:
From Proposition (1-1) and Theorem (2-2), we have
g= 1+wa= 1+%[(k—2)(n—2) —4] l=% . Since [ is a positive

integer and n is even, the right hand side of the equality must be odd, which contradicts the
assumption that g is even number.

5. CONCLUSION

Let f: M — P, be aregular folding with a vertices, § edges and y faces. Consider the quintuplet
(k,n, a, B,y) associated to a regular folding of M onto P, , where k is the valency of regularity.
In this paper we discover a new additional relation that must be satisfied by the quintuplet
(k,n, a, B,v). Using this we obtain non existence theorems for perfect (regular) folding between
a wide range of pairs of surfaces and polygons.

CONJECTURE

For all quintuplet (k,n, a, 8, y) satisfying the conditions in Proposition (1-1) and Theorem (2-
2), there exist always regular folding with quintuplet (k, n, @, 8, y).
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